1 stepped pressure equilibrium code : ganbat
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1.1 outline

1. Revised construction of vector potential.



1.1.1
1.

coordinates

We shall work in toroidal coordinates, (s, 0, (), which will be defined inversely via a transformation to Cartesian, (z,y, 2),
or cylindrical coordinates, (R, ¢, Z). Note that s is not a global variable: it only needs to be defined in each volume.

. The geometry of the interfaces, x;(6, (), where 6 and ¢ are arbitrary poloidal and toroidal angles, is given by

e Lgeometry=1: Cartesian : x =60 i+¢j+Rk;
e Lgeometry=2: Cylindrical : x =R ¥+ k;
e Lgeometry=3 : Toroidal : x = RR + Z k;

where # = cosf 1+ sinf j, and ﬁzcosqﬁi—i—sind)j.

. The I-th volume is bounded by the x;_; and x;. Toroidal coordinates are constructed by linear interpolation

x(s,0,0)=[(1—=8)x—1+(1+3s)x] /2. (1)

. Note that s € [-1,1] in each volume.



1.1.2 gauge and boundary conditions

1. In the I-th annulus, bounded by the (I — 1)-th and [-th interfaces, a general covariant representation of the magnetic
vector-potential is written

A = A,Vs+ AgV + A VC. (2)

2. To this add Vg(s, 0, (), where g satisfies

asg(sa97<) = - _145(37974-)
699(_17954) = - 49(_ 97() + ¢t,l—1 (3)
a(g(_1307<) = - AC(_LOvC) + 7/’;0,1—1

for arbitrary constants ¢ ;_1, ¥ ;—1, which can be identified as the toroidal and poloidal fluxes by using
/B~ds= A -dlL (4)
s a8

3. Then A = A + Vg is given by A = AgVH + AV with

Ag(—1,60,0) = ey,

AC(_laOaC) = ql)p,lfb (5)

4. This specifies the gauge: to see this, notice that no gauge term can be added without violating the conditions in Eq.(5).
5. Note that the gauge employed in each volume is distinct.
6. The magnetic field is \/gB = (9pA¢ — Oc Ag) es — 05 A¢ eg + s Ag ec.

7. In the annular volumes, the condition that the field is tangential to the inner interface gives dgA¢ — 0¢Ag = 0. With the
above gauge condition on Ay given in Eq.(5), this entails that g A: = 0, which with Eq.(5) entails that A¢(—1,6,¢) = ¥p 1.

8. In the annular volumes, the condition that the field is tangential to the outer interface cannot be so simply enforced (all of
the gauge freedom was exploited to simplify Ay and A¢ at the inner interface). At the outer interface we must constrain
the vector potential to be of the form

AO(LG’C) = 89]0(974)7 (6)
A((LG’C) 8Cf(9a<)7 (7)

for arbitrary f of the form

f=1e1 0+ C+ £(0,0), (8)

where f is periodic.



1.1.3 mixed Fourier, Chebyshev representation

1. Doubly periodic functions are represented as

N M N
f0,¢) = Z Jo,n cos(—ngQ) + Z Z fmon cos(mb —n() = Zf,- cos oy,
n=0 m=1n=—N %

where a; = m;0 — n;C.

2. The covariant components of the vector potential are written as the following sum,

L L

Ay = Z Z Ag e Ti(s)cosa; + Z Z Ap,0,i0 Ti(s) sina
7 lzo A le

A = Z Z Acein Ti(s) cosay + Z Z A¢ o0 Ti(s) sin g,
i 1=0 i 1=0

where T)(s) are the Chebyshev polynomials, and the stellarator symmetric terms are shown in red.

3. The Chebyshev polynomials may be defined recursively:

T()(S) == 1,
Ti(s) = s,
Tin(s) = 25Ti(s)— Tioa(s).

4. Note that T;(—1) = +1 if [ is even, and Tj(—1) = —1 if [ is odd, and that T;(+1) = +1.

5. The magnetic field is, with summation over 7 and [ hereafter implied,

VIB® =+ (milcoir+nideo) Ticosai — (miAceir+nidoeir) Tisino;
VoB’ = - Aceit Tj cosa; — Ac il T} sinc;
VIBS = + Ageil T) cosa; + Ago,i T} sin oy

(15)



1.1.4 interface boundary conditions: annular volumes

1. In terms of the Fourier harmonics we may write

—m;A¢;(=1) —n;Ag;(=1) = 0. (16)
2. Combing the gauge constraints and the flux surface condition we have
Tﬂtl—l ,j:17 ¢pl—1 7j:1a
Ay i(—1) = ’ A (—1) = i 1
0.;(—1) { 0 i1 and  Ac (1) o (17)
3. In terms of the Fourier representation, we have
¢tl 7j:1? { ’(/}pl 7j:15
Ap (1) = ’ ) and A¢ (1) = ' . 18
0.(1) { mifis >, ¢i(1) i, (18)
4. The boundary conditions on the inner, s = —1, and outer, s = +1, interfaces may be enforced using the Chebyshev
representation, Ag . (s) = f(s) = > fiTi(s), as follows:
L—2
f(=1) = fi D8+ foa (GDMN o+ (CDF
1=0
(19)
L—2
f(+1) = Ji + fr— + fL
1=0
5. We consider the fr_1 and fr, to depend on the fy, f1, ..., fL_2, as follows:
fL . = { [f(-l—l) —f(—l)] /2—f1 —fg...—fog, L even (20)
- D+ f(=D]/2=fo—f2.. = fr—3, L odd
fL _ { [f(+1>+f(71)]/27f07f27fL—27 L even (21)
D) —f(=D]/2—fi—fs...— fr—2, L odd
6. For L even, we have
0 0 0
— = — — ——, [ even 22
afi ofi  OfL (22)
0 0 0
— = = - , 1 odd 23
off = 9f  Ofu 2
7. For L odd, we have
0 0 0
— = — — , 1 even 24
8fl 8fl afL71 ( )
0 0 0
— = ————, [ odd 25
afl 8fl 8fL ( )



1.1.5

integrands

1. The integrands are

vgB-B = + (iAol +nido0i1) (MjAcojp+njAoesp) TiTpgss cosai cosa,
— 2 (MiAcoig +1iAb01) (MjAcejp+njAgejp) 11Ty gss cosa; sina;
+ (miAcein+nidoeir) (MjAcejp+nloejp) TiT,gss sine; sina;
!
— 2 (miAcoir+niAo.0i) Aceip T, T, gso cosa; cosa;
’ .
— 2 (miAceii+niAo0,1) Acoip Ty T} gso cosa; sina;
# .
+ 2 (miAceii+niApeiyr) Acejp T, T, gsp sina; cosa;
) . .
+ 2 (miAceii+niApei) Ac.op Ty T}, gso sina; sinay
/
+ 2 ( A§ 0,i,l + nZAG 0,1 l) Aﬁ,e,j,p ,I‘l Tp gs¢ COS Y COS vy
/ .
+ 2 (MmiAcoi1+niAooi1) Agojip T, T, gs¢ cosa; sinay
, .
— 2 (mAceil +niApeil) Agejp T, T, gs¢ sina; cosa;
) . .
— 2 (MiAceir+niAoeil) Agoip Ty T}, gs¢ sina; sina;
/ /
+ Acei Acejp T T, goo cosa; cosa;
+ 2 Acei Acojp T/ TIQ goo €OS vy sin ay
Py P .
+ Ac o, Acogp T} T, goo sincy; sina;
/
- 2 Aceil Ape.jp T/ T, goc cosay cos
! ! .
- 2 Ac,e,i,l Ae,o,j,p T Tp go¢ COS (v SIn
! ! .
- 2 Ac o, Abejp T] T, go¢ sinay cosa;
Py . .
- 2 Ac o Ago.jp T] T, go¢c sinay sina;
! /
+ Agei Apejp T) T, g¢c cosay cosaj
+ 2 Ap il Ab.o.5.p T T, ge¢ cosa; sina;
! ! . .
+ Ab,0,i,0 Ap,0,5.p T] T, g¢ce sinay sina;
VIA-B = — A¢ciiAsejp T T, cosa; cosay
! .
— Aceil Avojp T] T, cosa; sina;
f .
— Ac¢oil Avejp T] T, sina; cosa;
, . .
— Acoii Avosp 1] T, sine; sina;
+ ApeiiAcejp T] Ty cosa; cosa;
! .
+ AgeiiAcosp T T, cosa; sina;
f .
+ Agoii Acejp 1] T, sina; cosa;
, . .
+ Aol Acojp I T, sina; sina;



1.1.6 first derivatives with respect to Ay .,;; and Ay,

1. The first derivatives with respect to Ag . ;; and Ag,;; are
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(29)

(31)



1.1.7 first derivatives with respect to A¢.;; and A¢, i,

1. The first derivatives with respect to A¢ . and A¢ 4 are
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(32)

(35)



1.1.8 second derivatives
1. The second derivatives are
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0 0

dv B -
aA@,O,j,p 3149,6,1',1 /

0 0
dv B -
aAC,e,j,p 8149,6,1',l /

0 0

dvB-
6Ac,o,j,p 8A0,e,i,l /

0 0 /
dv A -
8A9,6,j,p 8A07e,i,l

0 0
0Ap.o

0 0
0A¢e

dv A -
,JsD 8A9,e,i,l /

dv A -
J>p aAG,e,i,l /

0 0

dv A -
aAAC,o,j,p aAG,e,i,l /
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1.1.9 second derivatives

1. The second derivatives are
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10

(45)

(46)

(47)

(51)



1.1.10 second derivatives

1. The second derivatives are
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11
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1.1.11 second derivatives

1. The second derivatives are
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1.1.12 reduction using FFTs and double angle formulae

1. The metric elements may be represented as a Fourier series using fast Fourier transforms

g,ul/ S, 0 C Zg/_w e, k COS mka - nkc + Zg,uu o, k ) Sin(mke - nkC)

k

2. The integrals over the angles can be computed using double angle formulae:

?{%dﬂdg Guv COS QY COSQj

j{]{dé?dg Guv Sinay sina;
%fd@d( COS (vj COS O

1
3 %j{dedc (cosay+ +cosay-) =

1
f dfd¢ cosoy sina; = 5% dfd¢ (sinay+ +sina,-) =

1
7{ dhd¢ sinq; sina; = 57{ dfd(¢ (cosay+ +cosay-) =

where (my+,ng+) = (m; +mj,n; +n;) and (my—,ng-) =

13

(i

—mj,m —

1

5 f%d@d( Juv (COS ak:j'j + cos ak;) = guu,e,kj_; + guu,e,ki—j
. 1 . .

%jgdﬁdc uv cOSQy sina; = %fd@d( G (sin Qt + sin akfj) = G0k}, + yuv,07;

1
3 %%d&d( g;w(cos akj]. ~+ cos ak;]) = gw,e,k?j —l—guu’e’k;j

le).

(68)

(72)
(73)

(74)



1.1.13 geometric quantities to be determined numerically

1. The following quantities must be computed numerically:

iTTgsse(1l,p,1,j,0:1) = /ds TiTy Gyg ot
g
iTTgsso(1l,p,1,j,0:1) = /ds TiTy Gy pn*
0.k
iTTgste(1,p,1,j,0:1) = /ds T, 95,4
iTTgsto(1l,p,1,j,0:1) = /ds T, 95,0,k
iTTgsze(1l,p,1i,j,0:1) = /ds TIT; gsc,e7k§
iTTgszo(1l,p,1i,j,0:1) = /ds T;T]’) gsc.o,kfi
iTTgtte(1,p,1,j,0:1) = /ds T T, Gpor=
1&g
iTTgtto(1,p,1,j,0:1) = /ds T/ T, 9port
0.k
iTTgtze(1,p,1,j,0:1) = /ds T/ Ty Gpeont
ek
iTTgtzo(1,p,i,j,0:1) = /ds T/ Ty 9pc.on*
0.k
iTTgzze(1,p,i,j,0:1) = /ds T/ Ty Gecoont
Mg
iTTgzzo(1,p,i,j,0:1) = /ds T/ Ty Gec.on*
0.k

2. Note that there are various symmetries that could/should be exploited.
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1.1.14 constructing Beltrami fields

1. The energy, W = [dv B - B, and helicity, K = [dv A - B, functionals may be written

1

= iaT-A-a+B~a—|—C (87)
1

= iaT-D~a+E~a+F7 (88)

where the independent degrees of freedom in the vector potential are written as a vector, a.

2. Note the following dependencies:

The matrix A depends only on the geometry.
The matrix B and the vector C' depend on the geometry and the enclosed toroidal and poloidal fluxes.
The matrix D is constant.

The matrix E and the vector F' depend on the enclosed toroidal and poloidal fluxes.

3. The MRXMHD approach is to seek minima of W subject to K = K. The following approaches may be used:

Sequential Quadratic Programming : see the NAG routine EO4UFF.

Newton iterations : construct the constrained energy functional

F=W — u(K — Kyp)/2, (89)
and seek a solution that sets the first derivatives of F' to zero,

%F =0, %F =0 (90)
where the Lagrange multiplier, yu, is to be considered an independent degree of freedom. The efficiency of the Newton
method is greatly enhanced by exploiting the second derivatives of F' with respect to a and pu.

Reduction to linear system : in the case that p is given, it is only required to find solutions that satisfy 9F/0a = 0,
and in this case Eq.(90) reduces to a linear system,

(A—uD/2)-a= (B — pE/2). (91)

4. Tt would seem, given the matrices A, B, ..., that each of these methods would be similarly efficient. The ‘Linear’ method
would appear to be the fastest method, but this may be deceptive: generally, p is not given but must be adjusted to
enforce the helicity constraint. Furthermore, it is not always the case the p parameterizes different solutions (it does not
when there are bifurcations).

5. Frequently, it may be preferable to adjust ;1 and the enclosed poloidal flux, A, to enforce the rotational-transform
constraint. In this case, the linear method is probably fastest (as it is not required to iterate on p to satisfy the helicity
constraint K = Ky, and then iterate on K to satisfy the transform constraint, but instead it is possible to iterate on p
to satisfy the transform constraint directly.)
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1.1.15 constructing perturbed Beltrami fields

1. To enable an efficient global optimization, the derivatives of the Beltrami fields with respect to interface geometry are
required.

2. The construction of the perturbed fields using the ‘Linear’ method is achieved by solving
(A+D)-da= (0B+0FE)— (0A+6D)-a (92)

ganbat.h last modified on 2012-12-14 ;
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